A minimal set of measurement operators for quantum state tomography has in the non-degenerate case ideally eigenbases which are mutually unbiased. This is different for the degenerate case. Here, we consider the situation where the measurement operators are projections on individual pure quantum states. This corresponds to maximal degeneracy. We present numerically optimized sets of projectors and find that they significantly outperform those which are taken from a set of mutually unbiased bases.
I. INTRODUCTION
Any physical system which is supposed to function as a building block of a quantum computer requires a procedure to determine its state in order to demonstrate its functionality and if necessary to debug it. The measurements and computations which allow estimating a quantum state is called quantum state tomography. Therefore, it has been performed on trapped ions [1] [2] [3] [4] [5] , photonic qubits [6] , superconducting qubits [7] [8] [9] [10] , spin qubits in quantum dots [11] [12] [13] [14] [15] , 13 C and N nuclear spins at a nitroge-vacancy defect in diamond [16] .
For an n-dimensional Hilbert space, the density matrix has n 2 − 1 parameters, which need to be estimated. This can be achieved by projective measurements, i.e., for known states it is counted by repetitive measurements how often the unknown state is projected onto them. In the non-degenerate case, one observable can provide projections on n eigenstates, from which n − 1 are actually useful. A minimal set of observables which provide knowledge about the complete density matrix is called quorum [17] . It contains n 2 − 1 distinct states. As a fixed finite number of measurements can only provide an estimate for the quantum state, a central question of state tomography is how to choose the measurements such that these estimates are as precise as possible. For non-degenerate measurement operators the ideal choice of the quorum corresponds to mutually unbiased bases (MUBs) [18] , i.e. the eigenstates of the measurement operators form such bases. "Mutually unbiased" means that a measurement outcome in one bases, or for one of the operators, does not reveal any information about the other measurements. Note that in general, state tomography is realized by positive-operator valued measures (POVMs), see e.g. [19, 20] . However, in this paper, we will restrict the discussion to projective measurements. Further note that if loss in the measurement * violeta@math.bas.bg † niklas.rohling@ntnu.no process has to be taken into account, which effectively refers to Trρ < 1, the optimal choice of the measurement set is different from MUBs [21] [22] [23] . In that situation n 2 parameters have to be determined.
If some of the restrictions to a minimal predefined measurement set are dropped, more possibilities for finding an optimal tomography scheme exist. This holds if the tomography scheme can include more than n 2 − 1 quantum states [24, 25] or the states can be changed after some of the measurements are done so that the quantum state is not completely unknown and the measurements can be adapted [26] .
In this article, we will keep the restrictions to exactly n 2 −1 states and the decision about them before the start of the measurement, which is relevant for experiments where it is difficult to alter the measurement setting. However, we will not consider the non-degenerate case but the situation where each measurement operator is a projector on one pure quantum state. Then, a quorum consists of n 2 − 1 such projectors. Previously, projectors on basis states from a set of MUBs have been suggested [27] for such a situation. Their performance is clearly better than a quorum based on non-entangled states only [28] . However, by applying a numerical search, we show in this article that there are quorums which perform even better than MUBs. This is possible due to the fact that the involved n 2 − 1 states can be freely chosen while in MUBs the states within one of the bases have a fixed, non-ideal relation to each other.
The article is organized as follows: In Sec. II, we discuss physical implementation for which our considerations are relevant, namely measurements based on spin-to-charge conversion in a double quantum dot, see Sec. II A, and measurements of photonic orbital angular momentum with only two photon counters, see Sec. II B. Sec. III provides the formalization of the situation as an optimization problem, which is solved numerically in Sec. IV including a discussion of the results. We compare the obtained results to the performance of MUBs in Sec. V and present conclusions and an outlook on more general situations in Sec. VI.
II. PHYSICAL SYSTEMS WITH PROJECTIVE MEASUREMENTS ON INDIVIDUAL STATES
The work which we present here is relevant for quantum systems which are measured by projections on individual quantum states, i.e., the ,measurement is a projection on a one-dimensional subspace of the Hilbert space. In the following we discuss two relevant implementations.
A. Spin-to-charge conversion For two spin qubits stored in a double quantum dot, i.e., one implementation of a four-dimensional Hilbert space, electron spin resonance allows for single-qubit [29] and the controlling the exchange interaction allows for universal two-qubit gates [30] . Both types of operations have been demonstrated in the same double dot [15, 31] . Thus these double dots could be a building block for a quantum computer. Apart from the possibility to read out each spin qubit individually as done in [15] , spinto-charge conversion [32, 33] can be applied. This means the electric potential at one of the dots is reduced so that both electrons will go to this dot provided that the spin state of this two electron system ends up in a singlet state at the end of this sweep. Measuring the charge state then projects either on one quantum state, if the charge of the energetically lower dot is measure to be two elementary charges, or on the remaining three-dimensional subspace, if only one elementary charge is detected. This is a realization in four dimensions of the situation we consider in this article. Typically the state tomography is supposed to determine the density matrix of the two-qubit system before the sweep. Note that the state which is connected to the singlet state after decreasing the electric potential in one of the dots is not necessarily the spin singlet state, but depends actually on the speed of the transition [11, 12, 27, 34, 35] .
B. In quantum optics
Nicolas et al, [36] described the realization of state tomography for a photonic qubit where the quantum information is encoded in the orbital angular momentum of the light. The measurements are projections onto certain qubit states which correspond to the x, y, and z axes of the Bloch sphere. The authors discuss potential extensions to higher dimensions. In their proposed setups there are as many single-photon detectors included as the dimension of the quantum state. This corresponds to the possibility to perform non-degenerate measurements. However, if all but two detectors were removed, one could in this then simplified setup obtain the measurements by projection on individual states. One of the remaining detectors can detect a photon if the photonic qubit have been in a certain state while the other one can detect it if it was in any state of the remaining (n−1)-dimensional subspace. Actually the second detector is only needed to determine the ratio of detected to non detected photons, while theoretically one detector would be sufficient.
III. DEFINING THE SEARCH SPACE
We denote a state |ψ in an n-dimensional quantum system by |ψ = cos θ 1 |1 + sin θ 1 cos θ 2 e iφ2 |2 + . . .
where {|1 , . . . , |n } is an orthonormal basis in the ndimensional Hilbert space, which describes our system. Note that our state is fully given by the 2n − 2 real parameters {θ 1 , θ 2 , . . . θ n−1 , φ 2 , φ 3 , . . . , φ n }. Here, we took into account the normalization of the state and that a different global phase does not yield a different physical state.
In general the state of the quantum system is described by a density matrix ρ, which is a n × n Hermitian matrix with trace 1. This means n 2 − 1 real parameters need to be determined by quantum state tomography. As in the situation we consider here, each measurement is just a projection on a certain quantum state, we need at least n 2 −1 projection operators, which are linear independent of each other within the vector space of n×n matrices. If we denote the quantum states which form a quorum, i.e. minimal set for state tomography, by |ψ 1 , . . . , |ψ n 2 −1 , then ρ can be determined by obtaining experimental estimates of
from repeated measurements of the projection P i = |ψ i ψ i |.
As we know already that Trρ = 1, we can disregard the component of P i which is proportional to 1,
A. Number of free parameters of the optimization problem
As a quorum is formed by n 2 − 1 states and one state is determined by 2n − 2 real parameters, the number of parameters, N param , for our optimization problem seems to be 2(n 2 − 1)(n − 1) = 2(n 3 − n 2 − n + 1). However, this number can be reduced by making use of the fact that any unitary transformation of all of the states, leaves the resulting precision of the state tomography unchanged. This is because we have assumed that all individual projective measurements can be done with the same precision. By using this fact, we can set fixed values for some of the states' parameters. The effect is that in the optimization problem, which we formulate here, the numbers of parameters is reduced by eliminating equivalent solutions, which are those which are connected by a global unitary transformation. This reduces the number of parameters by n 2 − 1, which is the dimension of the special unitary group SU (n), leading to
leaving the leading order to be cubic in n, see Table I .
Practically, we can fix the parameters which we want to exclude by setting for the fist n states, without loss of generality,
+ sin θ 31 sin θ 32 |3 , . . . |ψ n = cos θ n,1 |1 + sin θ n,1 cos θ n,2 e iφn,2 |2 + . . .
From |ψ n+1 on, the states have the full number of nonfixed parameters as given in Eq. (1). Thus the first n states of the quorum have 0, 1, 3, 5, . . . , 2n − 3 free parameters, while each of the remaining states has 2n − 2.
B. Determinant of quorum as quality measure
We consider the matrix Q, which is formed by writing the operator Q i , or rather its components when denoted in a orthogonal basis for the space of traceless n × n matrices, as ith row of Q. Then, the value of | det Q| serves as a quality measure for the quorum. It is identical to the volume of the parallelepiped spanned by the vectors corresponding to the Q i in the (n 2 −1)-dimensional vector space. Wootters and Fields [18] have shown that this volume evaluates how much knowledge about an unknown quantum state can be obtained with a finite number of measurements. Note that there exists the alternative approach of using the condition number of the reconstruction matrix as a quality measure for the measurement set [22, 23, 37, 38] . The determinant might be computed by just applying a simple Gaussian diagonalization scheme. This means, for each step k > 0
where
is the dot product for the reduced projection vectors Q j . Then the determinant is given by
This method has the advantage that it is actually not necessary to calculate the Q (k)
i , because for k = 1, we have
and then we find as all the B (k) ij are real
However, this can include division by very small numbers which is numerically problematic, therefore we use in practice more stable standard methods for calculating the determinant using existing linear algebra libraries. In order to do so, we define a basis in the (n 2 −1)-dimensional matrix space where we then calculate the matrix Q.
C. Formulation of optimization problem
The remaining problem, which will be tackled numerically in the following section, can be formulated as follows. The function D = | det Q| should be minimized as a function of the N param parameters θ 21 , θ 31 , . . . , θ n 2 −1,1 , θ 32 , . . . , θ n 2 −1,2 , . . . , . . . , θ n 2 −1,n−1 , φ 32 , φ 42 , . . . , φ n 2 −1,2 , φ 43 , . . . , φ n 2 −1,3 , . . . , . . . φ n 2 −1,n .
The values for the θ mj can be restricted to the interval [0, π/2] and the parameters φ mj can be restricted to [0, 2π). For computing D(θ 21 , . . . , φ n 2 −1,n ), numerical standard methods for computing a determinant are applied.
IV. NUMERICAL OPTIMIZATION A. Methods
Due to the lack of information about the function to be optimized, an exploratory analysis was performed. The ruggedness of the function, as well as parameter interdependency, were presumed. As part of the exploratory analysis different methods from the optimx and optim packages from R [39, 40] , were used. The methods include local as well as global optimization approaches. The Nelder-Mead or downhill simplex method [41] , a variable metric method, BFGS, which is based on [42] , "CG", which implements a conjugate gradients method based on [43, 44] , newton-like method for unconstrained problems with at least first derivatives, nlm [45] , spg [46] , a nonmonotone spectral projected gradient method, which is based on [47, 48] , a quasi-Newton type general purpose optimization algorithm, ucminf, [49] , the method "optim:sann" [50] , which is a variant of simulated annealing, belonging to the class of stochastic global optimization methods. Powell's methods newuoa [51] and uobyqa [52] , from the package optimx, were also tested. For all algorithms the default stopping criteria were used, the iteration maximum was set to 10000. Relative convergence tolerance was used as a stopping criterion, namely the algorithm stops if it is unable to reduce the value val by a factor of reltol * (abs(val) + reltol) at a step, where the relative tolerance reltol used was 1.490116 × 10 −8 .
It was determined that, without special tuning, Powell's derivative-free methods performed the best for this problem. The chosen method NEWUOA (NEW Unconstrained Optimization Algorithm) [51] was then applied to solve the optimization problem. NEWUOA is a derivative-free algorithm, which is based on a trust region technique when searching for the optimal solution. At each iteration, the algorithm uses quadratic interpolation to compute the objective function and then performs conjugate gradient minimization within a trust region. It then updates either the current best point or the radius of the trust region, based on the a posteriori interpolation error.
For state spaces of dimensions n = 3 to n = 8, 15 random points were used as starting points and the NEWUOA search was run. For n = 3, additionally the algorithm was run with 2000 random starting points in order to compare it with the theoretical hypothetical bound. For finding the top result, the best results were repeatedly used as starting points until convergence.
Among the quorums which were found by numerical optimization with random starting points, there were some which had the property that some of the obtained parameters were nearly identical or close to zero. In order to make use of this, we implemented a modified search [53] setting the similar parameters to be exactly identical and the ones close to zero to be exactly zero simplifies the problem. Then, rerunning the optimization with the reduced number of free parameters using 25 random starting points, allowed us to find improved results.
B. Results and discussion
The optimized values for | det Q| are presented below in Table II . Expectedly, the numerical optimization performs better for a lower number of free parameters, finding nearly the same value of | det Q| at each run for n = 3, 4, 5, while there is a larger variance for higher dimensions. Consequently, the chances get higher that the best result out of the 15 runs which were performed is still significantly below the global maximum the higher the value of n. In the following, we will analyze the structure of the obtained optimized quorum within the space for the traceless part of the measurement operators for three and four dimensions. I order to do so, we calculate pairwise the absolute squared scalar products of the quorum states, which are directly related to the angles between the respective vectors in operator space. We show that the optimal quorum which was found numerically is not unique for four dimensions. For three dimensions we will present analytical expressions for the parameters of the state of one quorum which we assume to be optimal and up to permutations unique as it could not be improved numerically. The parameters of the best performing quorums for n = 4, 5, 6 are given in the Appendix.
Furthermore, we will discuss the robustness of the results against deviations in the measurement setup four n = 4. In case in an experiment, the projections are not precisely on the desired states of the optimized quorum, but the deviation is known, the robustness given here allows to estimate the loss of performance.
Three dimension
Following the startegy described at the end of Sec. IV A, we found a quorum with absolute squares of the quantum states, W 3D ij = | ψ i |ψ j | 2 , being, up to permutations, close to the following rational values, 
Indeed we were able to identify the following parameters which provide exactly this quorum, 
providing | det Q| = .158766448204. This value of | det Q| is larger than of all numerically optimized with 2000 random starting points. Therefore, we assume that it is indeed the optimal choice. A proof of this assumption, however, is not provided here. Note that other quorums which were found numerically contain some significantly different values for | ψ i |ψ j | 2 while | det Q| is only a little bit lower. For example, the quorum given by the parameters 
yields 
containing several values, namely .199, .3987, and .3651, which differ severely from 4/9 = .4444 or 7/27 = .2593. However, | det Q| = .158766446951 differs only in the in the order 10 −9 from the value found for the assumed-tobe-optimal quorum given above.
Four dimensions
The optimized quorums, which were found for 15 different random starting points, have nearly identical values for | det Q| ≈ .07843. Interestingly, for all of them the states of the quorum, |ψ 1 , . . . , |ψ n2−1 , can be ordered in a way that the symmetric matrix
with 
where a deviation of the value is maximally 10 −4 . This means that the operators of the quorum are alway arranged in the same way and the respective vectors show some structure. Namely, there are three groups of states with the same relation towards each other within the group. However, the quorum is not unique even when permutations are disregarded as the states are not equivalent, i.e. there are different ways to arrange the construction given by W 4D in the four-dimensional Hilbert space of the quantum states.
If the structure or some of its properties were known beforehand, one could formulate the optimization problem with less free parameters, as some of them would be known to be identical.
Robustness
We consider the robustness by calculating | det Q | for Q being the quorum one obtains by a shift θ ij → State infidelity 1 − | ψi|ψ i | 2 which corresponds to a shift of the parameter, θij + ∆θij or φij + ∆φij that reduces | det Q | by 5% compared to the desired | det Q|.
The parameters are ordered as follows, θ21, θ31, . . . , θ15,1, θ32, θ42, . . . , θ15,3, φ32, . . . , φ15,4. The visible fluctuations are due to the specifications of the specific quorum chosen. It is given in the Appendix. Note that changes in the parameter φ12,3 do not yield a change in the determinant of Q larger than 0.045 as | ψ12|3 | happens to be rather small. Therefore, this parameter is left out in the figure above.
θ ij + ∆θ ij or φ ij → φ ij + ∆φ ij keeping the other parameters constant. We calculate the positive and the negative values for ∆θ ij and ∆φ ij which correspond to | det Q | being 5% reduced compared to | det Q| and present the averaged respective state infidelity 1 − | ψ i |ψ i | 2 where |ψ i is the state for the shifted parameter, θ ij + ∆θ ij or φ ij + ∆φ ij , in Fig. 1 . We show here only the robustness for a quorum in four dimension, which we consider to be the most relevant case as it corresponds to two qubits. Note that in an experiments the shifts ∆θ ij and ∆φ ij have to be known in order to apply the results shown here. Uncertainties, i.e., noise, has to be taken into account differently. However, Fig. 1 shows that even if projections on a quantum state deviates from the desired quorum state by a state infidelity of around 4%, the "volume" of the set of measurement in (n 2 −1)-dimensional space of the traceless parts of its projections is only slightly (5%) reduced compared to a gain of more than a factor of two compared to the quorum from MUBs, see Sec. V. Thus, small imperfections of its realization have less influence than the overall choice of the quorum itself. Note that for n = 6 a set of MUBs is not known. The numerical results (third column) clearly outperform the MUBs. We also provide an upper bound, which follows from the length of the row vectors in Q. The results are visualized in Fig. 2 
V. COMPARISON TO A SET FROM MUBS
If a set of n + 1 MUBs exist, which is certainly the case for n being an integer power of a prime number [18] , a quorum can be formed by choosing n−1 states from each MUB, resulting in n 2 − 1 states in total. The states from different MUBs are unbiased, i.e., the corresponding row vectors in the matrix Q (MUB) are diagonal. Thus, we can write Q (MUB) as a block diagonal matrix, where we just need to diagonalize the blocks, which are (n − 1) × (n − 1) matrices. This is a rather simple task, because we know already that the corresponding quantum states are diagonal. Therefore,
are from the same basis and i = j. Using the same diagonalization scheme as above for the block and also adapting the notation, we obtain by straightforward calculation
and
Then the absolute value of the determinant can be expressed as
(22) In Table II and Fig. 2 , we compare the results obtained in the previous section to the result one would get for a MUB quorum and to the upper bound ((n − 1)/n) (n 2 −1)/2 . The bound just follows from the length of the row vectors in Q, (n − 1)/n. Note that this bound cannot be reached, which was shown explicitly for n = 4 in [27] . We assume that this is the case for all dimensions n > 2. The improvement of the numerical optimization compared to the quorums from MUBs becomes more significant with increasing dimensionality. Note, however, that for a large Hilbert space it is rather unpractical to perform state tomography by projections on individual states.
VI. CONCLUSIONS AND OUTLOOK
In this article, we have presented numerically optimized quorums for state tomography based on measurement operators which are projectors on individual quantum states in contrast to the more common nondegenerate measurements. The results are clearly improved compared to a quorums constructed from states taken from sets of MUBs. The best quorums for three and four dimensions show an interesting arrangement of the states. Analyzing the structure of optimized quorums in higher dimensions and investigation how optimal quorums can be constructed rather than numerically found, is beyond the scope of this article and should be the objectives of further studies.
Our approach, to apply numerical optimization in order to determine a good choice for a quantum state tomography scheme, can be extended to models which include noise, i.e., the measurements are not perfect and the performance of each measurement migth be different. Furthermore, one can include the quantum gates, i.e., the unitary transformations, which needs to be applied prior to the actual measurement, and the imperfections to those gates in the optimization. This means the approach would not only provide the quantum states which form an optimal quorum but also the operations which are necessary to perform these measurements and minimize the expected uncertainty of the tomography scheme. Another direction for future research are degenerate measurements which are different from the projections on individual quantum states considered here, e.g., the case n = 4 with projections on two-dimensional subspaces which refers to two qubits where one of them is measured. In combination with previously applied quantum gates this can also provide full state tomography of the two-qubit system.
Generally speaking, our optimization approach can be extended in order to provide customized tomography schemes for experimentally realized quantum systems and measurement setups.
